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Introduction

Large ground-based telescopes rely on Adaptive Optics (AO) systems in order to achieve a good
image quality. Due to steadily growing telesope sizes there is a strong increase in the computa-
tional load for atmospheric reconstruction with current methods, first and foremost the MVM.

Adaptive Optics system:
Input: Shack-Hartmann wavefront sensor (WFS) data of guide
star αg, g = 1,...,G on each sub-aperture Ωij of the aperture ΩD

Γ : H1(ΩD) → R2#sub, #sub ... number of active sub-apertures

sx
αg

=
1

|Ωij|

∫

Ωij

∂ϕαg

∂x
d(x, y) , and sy

αg
=

1

|Ωij|

∫

Ωij

∂ϕαg

∂y
d(x, y) .

Output: DM commands ΦDM WFS sub-apertures

Instead of using one big matrix-vector system, one can decouple the problem in 3 steps:

3-step approach[1]:
Solve AO problem sequently:
1. Reconstruct incoming wavefronts from SH WFS data: ϕαg

= CuReD(sx
αg

, sy
αg

) [2]

2. Atmospheric tomography: Gradient-based method

3. Compute optimal mirror shapes from the reconstructed atmosphere (fitting step): pro-
jection of reconstructed atmosphere Φ onto DMs

⇒ flexible and fast reconstruction!

AO systems such as Multi Conjugate AO (MCAO), Laser Tomography AO (LTAO) or Multi
Object AO (MOAO) all require atmospheric tomography but differ in the projection step. In
the following, we propose a gradient based method for the atmospheric tomography. The main
goal of this iterative approach is the comparabilty with the MVM method in quality and a
considerable reduction of computational cost.

Problem modelling

Tip-tilt indetermination:
With natural guide stars (NGS) only a low sky coverage reached
→ artificial laser guide stars (LGS) are created with laser beacons.
Problem: average of derivatives of incoming wavefronts (tip-tilt)

is wrong → combine LGS and NGS.

SH WFS measurements from LGS are affected by spot elongation due to the non-zero thickness
of the sodium layer. Depending on the laser launch position (the height of the LGS and the
sodium layer) one can model the corresponding covariance matrix for the noise.

Spot elongation:
For exact WFS data sαg

= [sx
αg

sy
αg

] one can model the noisy measure-

ments by: sδ
αg

= sαg
+ C1/2

αg
η , with η white noise.

Thus, ϕδ
αg

= Γ−1(sαg
+ C1/2

αg
η) and cov(ϕαg

) = Γ−1Cαg
Γ−T (with Γ the

discretized SH operator). Therefore, cov(ϕ) = Γ−1CηΓ
−T =: Cη with

Cη = diag(Cα1
, . . . , CαG

). www.opticsinfobase.org

Statistics of the atmosphere:
To model the atmosphere, a finite number layers l = 1, . . . L is used. Each layer
can be described e.g. by the Kolmogorov turbulence model with covariance
matrices C

(l)
Φ and the c2

n-profile γl measuring the turbulence strength of layer l.

Atmospheric Tomography

Problem formulation:
Input:
• reconstructed incoming wavefronts ϕαg

from LGS g = 1, . . . , G on ΩD (aper-
ture)

• tip/tilt data tβn
∈ R2 from natural guide

stars n = 1, . . . , N
Goal:

• fast reconstruction of turbulence layers
Φ(l) on Ωl , l = 1, . . . , L

=⇒ ill-posed inverse problem,
requires regularization.
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Forward operators:

• LGS data: Aαg
:

L
⊗

l=1

L2(Ωl) → L2(ΩD) with geometric light propagation [1]:

Aαg
Φ :=

L
∑

l=1

T αghlΦ(l) = ϕαg
(r) , with (T αghlΦ(l))(r) := Φ(l)(clr + hlαg) , r ∈ ΩD .

Φ = (Φ(1), · · · , Φ(L))T , ... turbulence layers, cl := 1 −
hl

hLGS
, hLGS ... LGS height.

〈Φ, Ψ〉 :=
L
∑

l=1

1

γl
〈Φ(l), Ψ(l)〉L2(Ωl) , γl . . . c2

n-profile of layer l (
L
∑

l=1

γl = 1)

with the L2-adjoint: A∗
αg

: L2(ΩD) →
L
⊗

l=1

L2(Ωl) where

A∗
αg

(Ψ) = (γ1(T
αgh1)∗Ψ, . . . , γL(T αghL)∗Ψ)T , (T αghl)∗Ψ = Ψ(r − αghl)χΩD(αghl)(r)

• Tip-tilt data [3]: Nβi
:

L
⊗

l=1

H1(Ωl) → R2, with

Nβi
Φ = tβi

=

(
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βi
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βi

)

∈ R
2 , i = 1, . . . , N, r = (x, y) ∈ ΩD and

tx
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∫
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∂
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Solve AΦ = ϕ ⇔









Aα1

...
AαG









Φ =









ϕα1

...
ϕαG









= ϕ with A∗ =
G
∑

g=1

A∗
αg

+
N
∑

n=1

N∗
βn

.

Least squares solution with penalty term (MAP estimation):

J(Φ) = ‖AΦ − ϕ‖2
Cη

−1 + αΦ‖Φ‖2
C−1

Φ
→ min

J ′(Φ) = −2A∗Cη
−1

(ϕ − AΦ) + 2αΦC−1
φ Φ =: −d

Steepest descent with stepsize τ :

Φj+1 = Φj + τjdj

τj = min
t∈R J(Φj + tdj)

=

∑L
l=1

1
2〈 d

(l)
j , d

(l)
j 〉L2(Ωl)

〈 Cη
−1

Adj, Adj 〉L2(ΩD) + αΦ
∑L

l=1〈 (C
(l)
Φ )−1d

(l)
j , d

(l)
j 〉L2(Ωl)

• well parallelizable method

• easily adaptable to changes
in asterism

• can also be used without
noise statistics (Cη = I ,
αΦ = 0) e.g. for highflux,
without spot elongation

Quality results

All results below were obtained for the E-ELT on the ESO end-to-end simulator, OCTOPUS.

Multi Conjugate AO (MCAO):
• 6 LGS in a circle of radius 1 arcmin

• 3 TTS in a circle of radius 4/3 arcmin

• 3 DMs (0m, 4km, 12.7km)

• 3–layer reconstruction on DMs

• pseudo open loop control (polc)

• wo spot elongation → no noise models needed

• only few iterations needed

MCAO lowflux wo spot elongation
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Computational complexity:

• n ∼ 0.75 · 842 = 5292, with a 84x84 SH-WFS

• CuReD: 20 · n per guide star

• Gradient: ∼ ((16L + 2) · (G + N) + (L + 2)) · n per
iteration, e.g. 3 layers, 6 LGS, 3 NGS: ∼ 455n

• calculation in guide star directions is parallelizable

Laser Tomography AO (LTAO):
• 6 LGS (3.75 arcmin), 3 NGS (5 arcmin)

• 1 ground DM, polc control

• 9 layer reconstruction followed by projection
onto ground DM

• highflux (10000 photons per sub-aperture)

• wo spot elongation → no noise models needed
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Multi Object AO (MOAO)
• 6 LGS (3.75 arcmin)

• 3 NGS (5 arcmin)

• 1 ground DM, open loop

• highflux, wo spot elongation
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